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Abstract
In a Global Navigation Satellite System (GNSS) receiver the presence of detection and mitigation
units, capable of reducing the impact of disturbing signals, can extremely enhance the position accuracy.
However the presence of such units is usually limited to professional receivers that dispose of additional
computational power that can be used for interference detection and mitigation. In this paper the twopole notch filter, that is the natural extension of the one-pole notch filter analyzed in [1], is proposed as
computationally effective solution for interference detection and mitigation. The notch filter structure and
the adaptive algorithm employed for tracking the disturbing signal are analyzed, and an interference
detection unit, based on the adaptive algorithm convergence, is proposed. The two-pole notch filter
coupled with the detection unit is used as elementary block for the design of a multi-pole notch filter
that can efficiently mitigate more than one CW interference. Theoretical and simulative analyses show
the feasibility and the good performance of the proposed method.
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I. I NTRODUCTION
The currently growing demand for services based on precise position is boosting the development of new GNSS receivers with increased sensitivity, that is the capability of detecting
extremely weak signals, and equipped with multipath and interference mitigation units. The
presence of interference rejection units can extremely improve the receiver performance and thus
its use should not be limited to professional receivers for which the computational power is not an
issue. For those reasons the design of computationally efficient, low cost interference mitigation
units is obtaining an increasing attention from the GNSS community. One of the main classes
of interference is the so called continuous waves (CW) [2], that includes all those narrowband
signals that can be reasonably represented as pure sinusoids with respect to the Galileo/GPS
bands. This kind of interfering signals can be generated by UHF and VHF TV, VOR (VHF
(Very High Frequency) Omni-directional Radio-range) and ILS (Instrument Landing System)
harmonics, by spurious signals caused by power amplifiers working in non-linearity region or
by oscillators present in many electronic devices [3]. For this kind of disturbing signals the notch
filter has proved to be an efficient mitigation technique, for its capability of attenuating the CW
interference and essentially preserving the Galileo/GPS power spectral density. In the literature
the notch filter has been widely used for interference removal [4] in different context, such as
biomedical applications [5] and Direct Sequence Spread Spectrum (DSSS) communications [1],
[6], [7] to cite but a few. A widely spread class of notch filters is represented by Infinite Impulse
Response (IIR) filters with constrained poles and zeros [8]. The diffusion of such a filters is
essentially due to their low computational requirements, to their efficient implementation and to
the low number of parameters to be adapted. For these notch filters the zeros are constrained on
the unit circle and the poles lies on the same radial line of the zeros. Tracking performance and
convergence properties have been extensively studied [9], [10] however, due to the IIR nature
of these notch filters, several issues still remain unexplored [10].
In the GNSS, the use of IIR notch filters has been recently proposed [1], [7] for interference
removal. However some simplistic hypotheses are often assumed. For example the problem of
the interfering detection is usually not addressed and the CW presence is often assumed. The
presence of more than one CW is rarely considered and the analysis is often limited to one
complex interfering signal.
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This paper deals with the problem of determining the number of disturbing CWs that affect
the received signals and of activating an appropriate notch filter for their removal. This problem
has been rarely treated in literature and it represents the innovative contribution of this paper.
Our detection algorithm is based on the removal of the constrain on the location of the filter
zeros whose amplitude is adjusted by an adaptive unit. The zeros amplitude is adjusted on the
basis of the Interference to Noise ratio (J/N ) and thus it can be used as metric for the detection
of the disturbing signals.
At first the case of a single real interference is considered. This kind of signal presents two
spectral lines in correspondence of the frequencies fi and −fi , and thus two zeros are necessary
to mitigate its impact. The basic element of the multi-notch filter is thus the two-pole notch
filter that is characterized by two complex conjugate zeros, z0 and z0∗ , that are continuously
adapted in order to track the real CW. The impact of the two zeros on the useful GNSS signal is
partially compensated by the presence of two complex conjugate poles that have the same phase
of z0 and z0∗ , and modulus contracted by a factor kα , the pole contraction factor, that regulates
the notch width. The zeros are progressively adapted by a LMS algorithm that minimizes the
notch filter output power. In fact the CW is expected to carry high power concentrated at the
frequencies fi and −fi and the minimization of the output power is obtained when two deep
notches are placed in correspondence of those frequencies. Thus the minimization of the output
power involves the interfering cancelation.

The two-pole notch filter is the natural extension to real CW interferers of the one-pole notch
filter, whose behavior has been investigated in [1]. In this paper the characteristic of the twopole notch filter, the adaptive criterion employed for tracking the real interferer and the loss
introduced on the useful GNSS signal are studied.
From the reported analysis it emerges that, when the interferer is not present, the two-pole
notch filter can introduce a degradation in the GNSS signal and it should be deactivated. Thus a
detection algorithm has been developed and coupled with the two-pole notch filter. The proposed
detection criterion is simple and requires a very low computational load. The detection unit is
essentially based on the convergence properties of z0 . In fact, in absence of interfering the
minimization of the output power is obtained by enlarging the notch and removing as noise
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power as possible. The LMS can enlarge the notch because the modulus of the zeros is not
constrained to unity and thus, in absence of interferer, z0 and z0∗ tend to zero. The absence of
interference is declared when the modulus of the zeros is below a fixed threshold: in this case
the notch filter is deactivated. In this way the two-pole notch filter is able to autonomously detect
the interfering presence and to decide its activation and deactivation.

The multi-pole notch filter is obtained by cascading two or more two-pole notch filters. When
more than one CW interferer is present, the first two-pole notch filter in the chain mitigates
the most powerful disturbing signal, whereas the other filters remove the other interferers with
progressively decreasing power. The detection units coupled with each notch filter in the chain
allow to activate only a number of filters equal to the number of interfering signals thus
minimizing the loss on the useful GNSS signal.

This paper is organized as follows: Section II describes the GNSS signal model in presence
of CW interference whereas Section III introduces the two-pole notch filter and the adaptive
algorithm employed for estimating the interference frequency. In Section IV the interference
detection unit is analyzed. In Section V an adaptive multi-pole notch filter is proposed and in
Section VI some computational considerations are drawn. Finally Section VII concludes the
paper.
II. S IGNAL M ODEL
According to [11], the signal obtained by demodulating the output of a GNSS front-end is
given by
yB (t) = xB (t) + ηB (t) + iB (t)
(1)
= s (t −

τ0a ) cos (2π

(f0a

+

fDa ) t

+ θ) + ηB (t) + iB (t)

where:
•

s(t) = Ac(t)d(t) is the GNSS signal composed by the PRN sequence c(t) and the navigation
message d(t). A is the amplitude of s(t) since both c(t) and d(t) are BPSK signals. In this
analysis the filter used to recover yB (t) is supposed to have a flat frequency response
over its band and therefore neglected. In [7] the effect of transmission and reception
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filters is taken into account but the results do not essentially change. In the following the
navigation message d(t) will be considered constant over the interval used for the acquisition
processing.
•

τ0a is the GNSS signal delay; f0a and fDa are respectively the analog local and Doppler
frequencies; θ is a random phase introduced by the communication channel;

•

ηB (t) is the noise contribution with flat spectral density N0 /2;

•

iB (t) is the interfering signal.

The noise and the interfering random processes are supposed independent. The frequency f0a
can be either close to zero or not [12], [13], according to the adopted demodulation scheme.
When the case of continuous wave interference is considered, iB (t) can be modeled as
iB (t) =

H
X

Ai cos (2πfia t + θi )

(2)

i=1

where H is the number of continuous waves entering the GNSS front-end and Ai , fia and θi
are the amplitudes, the frequencies and the phases of the different sinusoids that compose the
interfering signal. In the next section the case of a single interfering is considered and thus
H = 1. The signal 1 is then sampled and analog to digital converted, leading to
yB [n] = yB (nTs ) = xB (nTs ) + ηB (nTs ) + iB (nTs )
= s (nTs −

τ0a ) cos (2π

(f0a

+

fDa ) nTs

+ θ) + ηB (nTs ) +

H
X

(3)
Ai cos (2πfia nTs + θi )

i=1

In the rest of the paper the sampling interval Ts will be omitted for ease of notation and the
following representation of (3) will be adopted
yB [n] = s [n − τ0 ] cos (2π (f0 + fD ) n + θ) + ηB [n] +

H
X

Ai cos (2πfi n + θi )

(4)

i=1

where τ0 =

τ0a
,
Ts

f0 = f0a Ts , fD = fDa Ts and fi = fia Ts . The quality of the signal recovered by

the front-end is indicated by means of the C/N0 , that is the ratio between the signal power and
the noise power spectral density, with C given by
A2
C=
2

(5)

Ji
A2i
=
N
2N0 Bf

(6)

and the Jammer-to-Noise ratio
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that is defined for each component in the summation in (2) and that quantifies the relative
power of the interfering signal with respect to the noise. Bf is the one-sided band of the GNSS
front-end.
III. T WO - POLE NOTCH

FILTER

In this section a single real CW interferer is considered: in this case the disturbing signal
presents two spectral lines at the frequencies f1 and −f1 and it can be removed by using a filter
with two complex conjugate zeros in correspondence of these frequencies. Thus the moving
average (MA) part of this filter results:
HM A (z) = (1 − z0 z −1 )(1 − z0∗ z −1 ) = 1 − 2Re {z0 } z −1 + |z0 |2 z −2

(7)

where z0 is the zero placed in correspondence of the interfering frequency:
z0 = β exp {j2πfi }

(8)

In order to compensate the effects of the MA part, an auto-regressive block is added
HAR (z) =

1
(1 − z0 kα

z −1 )(1

−

z0∗ kα z −1 )

=

1
1 − 2kα Re {z0 } z −1 + kα2 |z0 |2 z −2

(9)

where 0 < kα < 1 is the pole contraction factor. In this way the transfer function of the two-pole
notch filter is given by
H(z) =

1 − 2Re {z0 } z −1 + |z0 |2 z −2
1 − 2kα Re {z0 } z −1 + kα2 |z0 |2 z −2

(10)

In Fig. 1 the overall structure of the two-pole notch filter is reported. Since the interfering frequency is unknown, an adaptive block is used for providing the zero estimation. This estimation
is then fed into the MA and AR blocks that remove the interfering signal. In Fig. 2 two examples
of notch filter transfer function are reported. It is clear that the contraction factor kα regulates
the width of the notch: the more kα is close to unity the more the notch is narrow. A narrow
notch implies a reduced distortion on the useful GNSS signal, however kα cannot be chosen
arbitrary close to unity for stability reason and thus a compromise has to be adopted.
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A. The adaptive block
The core of the notch filter is represented by the adaptive block that tracks the interference
frequency and adjusts the filter parameters in order to achieve the minimization of a specific
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cost function. In this section the algorithm reported in [7] is modified and adapted to the case
of a single real interference. The adaptive technique chosen in [7] is a normalized LMS that
iteratively minimizes the cost function

fC [n] = E |xf [n]|2

(11)

where xf [n] is the output of the filter. The minimization is performed with respect to the complex
parameter z0 , using the iterative rule
z0 [n + 1] = z0 [n] − µ[n]g (fC [n])
where g (fC [n]) is the stochastic gradient of the cost function fC [n]:

g (fC [n]) = ∇z0 |xf [n]|2

(12)

(13)

and µ[n] is the algorithm step, and is set to
µ[n] =

δ
Exi [n]

2

Exi [n] is an estimate of E[|xi [n]| ], the power of the AR block output xi [n]. δ is the unnormalized
LMS algorithm step that controls the convergence properties of the algorithm and it should be
accurately chosen in order to guarantee fast convergence and reduced misadjustment. Since z0 is
a complex variable, the complex generalized derivative rules should be used in order to correctly
evaluate the stochastic gradient (13):
∂f
∂f
∂f
+j
=2 ∗
∂Rex
∂Imx
∂x
Further details on the complex generalized derivative rules can be found in [14]. Using this
∇f (x) =

definition it is possible to compute
g (fC [n]) = 4xf [n] (z0 [n]xi [n − 2] − xi [n − 1])

(14)

This LMS algorithm has been implemented and tested in MATLAB proving the validity of the
notch filter criterion. In Fig. 3 the power spectral densities (PSDs) of the input and output signals
of the notch filter are reported. In this case a real CW characterized by J/N = 6 dB is present at
the filter input: the disturbing signal is completely removed and the useful signal components far
from the interfering frequency result almost unchanged. In Fig. 4 the evolution of z0 amplitude
during the adaptation process is considered. This figure refers to the same scenario of Fig. 3:
the adaptive algorithm converges in a few signal samples and the zeros are placed closed to the
unit circle causing the excision of the interference.
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PSDs of the notch filter input and output signals. A real CW interference with J/N = 6 dB is present at the filter

input. kα = 0.9.

B. Notch filter loss
The two-pole adaptive notch filter is able to mitigate the CW interference by removing those
frequencies on which the disturbing signal is essentially concentrated. However, also the useful
signal components at those frequencies are removed and thus a loss in the signal quality is
introduced with respect to the ideal case of absence of interference. In this section the loss
introduced by the notch filter is evaluated and the need of a detection device, turning off the
notch filter when the interfering signal is not present, is highlighted. In order to quantify the notch
filter loss, the coherent output SNR [15], [16], that is the signal to noise ratio after the correlation
process, has been adopted. In particular in [1] it has been shown that the loss introduced by the
notch filter is equal to
R 0.5



H ej2πf Gs ej2πf df
−0.5

Ln = R 0.5

2

|H (ej2πf )|2 Gs (ej2πf ) df
−0.5

(15)
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where H ej2πf is the notch filter transfer function (10) evaluated over the unit circle and

Gs ej2πf is PSD of the useful GNSS signal. In Fig. 5 the loss introduced by the notch filter
has been evaluated in function of the phase and the amplitude of the zero z0 . As for the onepole case [1] the loss is extremely dependent on the phase and the amplitude of z0 and on
the spectral shape of the adopted modulation. In this case the BOC(1,1) has been adopted and
the loss results relevant when the phase of the zero corresponds to the main lobes of the BOC
spectrum. From Fig. 5 the loss introduced by the notch filter is relevant only when the phase
of the zero corresponds to those frequencies in which the useful signal power is concentrated.
Furthermore the loss decreases as the amplitude of z0 goes to zero. However when more than
one notch filter is used, for example for mitigating multiple CW, the loss can be relevant. In
addition, the notch filter can introduce other degradations: for instance in the correlation function,
that can result no more symmetric if the effect of the notch filter is not compensated. Thus a
detection unit, able to correctly decide to activate or not the filter, can result extremely useful
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Fig. 5. Loss introduced by the two-pole notch filter in function of the phase and the amplitude of z0 . The case of a BOC(1,1)
modulation with a sampling rate of 4 samples/slot has been considered, kα = 0.9.

for improving the overall system performance and it allows the design of an efficient multi-pole
notch filter.
IV. D ETECTION U NIT
In Fig. 4 the convergence process of the modulus of the notch filter zero has been reported.
In this case the amplitude converges to a value that is close to unity. This is due to the fact
that a strong interference is present and thus the minimization of the power of the notch filter
output is achieved by narrowing the notch and removing as much interfering power as possible.
However as the interfering power decreases the minimum of the cost function is no more achieved
by removing only the interference but also by attenuating a part of the noise and GNSS signal
components. In this way the adaptive algorithm chooses a less narrow notch that is able to capture
not only the interference but also a part of the noise and signal power. Thus the amplitude of the
notch filter zeros is extremely dependent on the interfering power. In Fig. 6 the convergence of
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the z0 amplitude is reported for different values of J/N . The zero amplitude is strongly dependent
on the interfering power and thus it can be used for detection purposes. The detection algorithm
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Fig. 6.
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Convergence characteristics of the amplitude of the notch filter zero for different J/N . kα = 0.9.

proposed in this paper consists in verifying if the mean value of the amplitude of z0 passes a
fixed threshold. If that happens it means that the notch filter is tracking a CW interfering and
thus its output has to be used for positioning operations. Otherwise the not filtered signal has to
be employed. In Fig. 7 the mean magnitude of z0 has been reported as a function of Jammer to
Noise ratio J/N and for two different values of pole contraction factor. The detection threshold
can be fixed by choosing a J/N = L that can be considered harmful for the GNSS receiver.
By using Fig. 7 the threshold T is determined as the value of the notch filter zero converges to
when a J/N equal to L is present. In this way the notch filter is activated only if an interference
characterized by a J/N > L is present. In Fig. the scheme of the adaptive notch filter coupled
with the interfering detection unit is reported. The notch filter is always active but the detection
unit decides if the GNSS receiver has to use or not the filtered signal. In Fig. 9 the detection
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Figure 6-56: Mean magnitude of the adjusted parameter z0: threshold setting.

Fig. 7.

Mean magnitude of the adjusted parameter z0: threshold setting.
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Scheme of the adaptive notch filter coupled with the detection unit. The notch filter is always active but the detection

unit decides if it is better to use the original or the filtered signal.

14

Estimation of the
mean of z0[n]

AR block output

xi[n]
Adaptive
block

zˆ0[n]

z0[n]
LPF

xf[n]
to the AR and
MA blocks

Notch filter
output

Yes

| zˆ0[n] |> T

activate the
notch filter

Fig. 9.

No

deactivate the
notch filter

Detection algorithm based on the convergence characteristics of the zero of the two-pole notch filter.

algorithm is better described: the subsequent values of z0 produced by the adaptive unit of the
notch filter are low-pass filtered, obtaining an estimation of its mean. Then a simple test verifies
the condition |ẑ0 | > T , where ẑ0 is the estimation of the mean of z0 and T is the detection
threshold. Then the detection unit decides if the filtered signal is better than the original one
according to the test result.
A. Detection capability
The effectiveness of the detection algorithm has been tested by Monte Carlo simulations and
by using real data. In particular the Monte Carlo simulations have been used for determining the
detection probability of the system for different thresholds. The detection probability has been
defined as
Pdet (T ) = P (|ẑ0 | > T |Interference present)

(16)

that is the probability that the mean value of z0 is greater than the fixed threshold T where the
interference is present. This probability has been estimated by Monte Carlo simulation according
to the following criterion
P̂det (T ) =

Num. of tests with positive results
Num. of tests

(17)
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The adopted test consisted in feeding the notch filter coupled with the detection algorithm with
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Fig. 10 the detection probabilities obtained by Monte Carlo simulation are reported as function
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of the J/N . The correspondence between the decision threshold and the target J/N is reported
in Table I. The curves in Fig. 10 are useful for the correct choice of the decision threshold.
In fact the estimation of the mean of the notch filter zero is a random variable that presents a
certain variance. If the decision threshold is too close to unity then oscillates around the threshold
reducing the detection capability of the algorithm. This emerges clearly from the curve relative
to T = 0.95 that never reaches a detection probability equal to 1.

The algorithm has been also tested by using real data to which a CW has been added for
a limited period of time. The response of the detection algorithm has been then analyzed. In
Fig.s 11, 12 and 13 three different scenarios are analyzed. A threshold equal to 0.9 has been
used, corresponding to a target J/N = −5 dB. In Fig. 11 the case of a strong interference
has been considered: the detection algorithm correctly detects the disturbing signal and only a
reduced delay in the detection is present. This delay is essentially due to the time required by
the notch filter for reaching the steady state condition. In Fig. 12 a really weak interference,
characterized by a J/N = −10dB, is considered. Since the J/N is under the target J/N , the
detection algorithm never switches to the filtered signal. In Fig. 13 the case of J/N = −5dB,
corresponding to the target Jammer-to-Noise ratio, is studied. In this case the detection algorithm
rarely detects the disturbing signal proving the validity of the criterion for fixing the decision
threshold and that the target J/N effectively represents the limit value under which the interfering
signal is no more detected.

enough from the noise level. In fact, the |z0| remains well under the threshold (except for a
point that is still in the transient area) and the detection signal is always on the deactivating
mode. Finally (Figure 6-62) a test has been made for the J/N at which the threshold is set,
that is J / N = −5 dB: it can be seen how the notch behaviour is at the activate/deactivate
limit, because the |z0| is oscillating around the threshold value. It can be concluded that these
simulations attest the validity of the theoretical discussion previously treated.
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Figure 6-60: |z0| of the filter, on/off indication of the interfering presence, and activate/deactivate filter
signal. J/N = 5 dB.
Fig. 11. Test of the detection algorithm; comparison between the period in which the interfering is present and the response
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Fig. 12.

Figure 6-61: |z0| of the filter, on/off indication of the interfering presence, and activate/deactivate filter
signal. J/N = -10 dB.
Test of the detection algorithm; comparison between the period in which the interfering is present and the response

of the algorithm. J/N = −10 dB, T = 0.9.
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Figure 6-62: |z0| of the filter, on/off indication of the interfering presence, and activate/deactivate filter
signal. J/N = -5 dB.

Fig. 13.

Test of the detection algorithm; comparison between the period in which the interfering is present and the response

of the algorithm. J/N = −5 dB, T = 0.9

6.6 Analysis of the Notch filter impact
This section treats the evaluation of the notch filter impact on the acquisition block, using as
starting point what reported in chapter 4, and continuing with the evaluation of the coherent
output SNIR when the notch filter is present and the interference is not. When the notch filter
is inserted, the acquisition scheme becomes the one reported in Figure 6-63 with hn [n] the
impulse response of the notch filter. In these conditions the coherent output SNIR should be
evaluated according to the scheme reported in Figure 6-64.
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V. M ULTI - POLE NOTCH FILTER
When more than one sinusoidal interference is present, that is the general case of model
(2), the notch filter can still be used for mitigation/detection purposes. In fact it is sufficient
to employ different two-pole notch filters in cascade, one for each interfering signal. The first
two-pole notch filter in the chain mitigates the most powerful disturbing signal, whereas the
other filters remove the other interferers with progressively decreasing power. This solution is
not optimal in terms of performance, since the minimization of the output signal power is not
achieved globally but by using different stages that work separately. The design of a global
adaptive algorithm results very complex and it would not exploit the detection capability of the
algorithm proposed on the previous section. The solution of cascading two-pole notch filters
coupled with their detection unit is very simple to implement and allows to activate only the
filters that are strictly necessary for removing the interfering signal. In fact if there are less
interferences than the number of cells in the chain the notch filters in excess would distort the
useful GNSS signal by removing some portions of its spectrum. An easy and efficient solution
of the multi-pole notch filter is presented in Fig. 14. This implementation exploits the detection
capabilities of the algorithm proposed above: the exceeding notch filters are ignored when the
interferences are no more detected in the filtering chain.
A. Multi-pole notch filter performance
In order to determine the multi-pole notch filters performance, different tests have been
performed by using both real and simulated data. In this section the test performed by using
real GPS samples collected by using the NordNav software receiver is described. In Fig. 15 the
experimental setup used for testing the multi-pole notch filter is provided. Three CW interferences
have been simulated and added to the GPS samples collected by the NordNav front-end. Then
the resultant signal has been fed to the multi-pole notch filter. In Fig. 16 the PSD of the signal
that enters the multi-pole notch filter is shown. The detection algorithms coupled with the twopole notch filters correctly activate three mitigation units that progressively remove the three
disturbing signals. In order to show how the multi-pole notch filter works, the outputs of the
three active cells have been monitored and the PSDs of their output signals reported in Fig. 17.
As already stated, the filter cancels the interferers in power order, accordingly to the principle of
the minimum output energy. The first peak to be attenuated is the most powerful, then the one
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Fig. 16.

Power spectrum density of the input signal of the multi-pole notch filter in the test of Fig. 15.

with medium power, and finally the third, the weakest one. The fact that the third peak is quite
weak is reflected in the third notch filter transfer function shown in Fig. 18: the notch is quite
broad and not really deep; the adaptive algorithm is trying to remove not only the interfering
power but also the noise and the useful signal one. The performed tests show the feasibility
of the method and its good performances. The detection units activate the correct number of
two-pole notch filters and the CW interferences are efficiently removed. The system performance
can be improved by using different LMS algorithms, for example by using other type of Variable
Step Size LMS (VSSLMS) improving the converge properties of the notch filter.
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Fig. 17.

Power spectrum densities of the output signals of the three two-pole notch filters activated by the detection units in

the test of Fig. 15.

Fig. 18.

Transfer functions of the three notch filters activated by the detection units in the test of Fig. 15.
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VI. C OMPUTATIONAL CONSIDERATIONS
In this section the computational load required by the two-pole and the multi-pole notch filters
is analyzed and it is shown that the number of operations required by those devices is linear with
respect to the number of input samples, thus proving their efficiency. The operations performed
by the two pole-notch filter consist in evaluating the output of the AR and MA blocks and by
adaptively determining the value of the zero z0 . The outputs of the AR and MA units are given
by
xi [n] = yB [n] + 2kα Re{z0 }xi [n − 1] − kα2 |z0 |2 xi [n − 1]

(18)

xf [n] = xi [n] − 2Re{z0 }xi [n − 1] + |z0 |2 xi [n − 1]

(19)

that require 5 sums and 6 products. These values have been obtained by considering that 2kα
and kα2 are stored in the device memory, that the products |z0 |2 xi [n − 2] and Re{z0 }xi [n − 1] are
evaluated only once and that the square modulus of z0 requires two products and one sum. The
evaluation of z0 is described by (12) and (13) and can be expressed in terms of real operations
by
Re{z0 [n + 1]} = Re{z0 [n]} +

4δ
[xf [n]xi [n − 1] − Re{z0 }xf [n]xi [n − 2]]
Exi [n]

(20)

4δ
Im{z0 }xf [n]xi [n − 2]
Exi [n]

(21)

Im{z0 [n + 1]} = Im{z0 [n]} −

thus requiring 6 products, 2 sums and 1 division. The power Exi [n] can be estimated by using
the simple recurrence equation
Exi [n] = αExi [n−1] + (1 − α)x2i [n]

(22)

with α constant in the range (0, 1). The evaluation of (22) requires 3 products and 1 sum.
From these considerations it is possible to evaluate the complexity of the two-pole notch filter,
that is reported in Table II. It is possible to further reduce the computational complexity of the

TABLE II
O PERATIONS REQUIRED BY THE TWO - POLE NOTCH FILTER FOR EACH INPUT SAMPLE .

Sums

Products

Divisions

8

15

1
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algorithm by using a fixed step LMS algorithm and thus avoiding the division and the evaluation
of (22). From Table II it results that the complexity of the notch filter is linear with respect to
number of input samples: the notch filter requires less operations per samples than the frequency
domain excision techniques [17] that have a complexity proportional to N log N , where N is
the number of input samples.
The complexity of the detection algorithm is also linear with respect to the number of input
samples and the computational load of the multi-notch is equal to K times the computational
load required by a two pole-notch filter and its detection unit. K is the number of cells used for
the multi-pole notch filter, that, in this way, is able to remove at maximum K CW interferers.
VII. C ONCLUSIONS
This work covers most of the aspects related to the two-pole notch filter analysis and implementation, detailing the adaptive method and studying its performance. An innovative detection
algorithm based on the convergence properties of the notch filter zero has been proposed and
analyzed. The two-pole notch filter coupled with the detection unit has been used as a basic
element for the design of a multi-pole filter capable of efficiently removing more then one CW
interference. The derived results provide a useful information for the design of mitigation and
detection units based on the adaptive notch filters that result a computationally effective solution
for CW interference mitigation.
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